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Unified description of floppy and rigid rotating Wigner molecules formed in quantum dots
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Restoration of broken circular symmetry is used to explore the characteristics of the ground states and the
excitation spectra of rotating Wigner moleculd®/VM'’s) formed in two-dimensional parabolid-electron
guantum dots. In high magnetic fields, the RWM's are floppy rotors with the energies of the magic angular
momentum(L) states obeyin@L+b/LY2. Under such fields the ground-state enerdieserenced to the
kinetic energy in the lowest Landau leyepproach the electrostatic energyNpoint charges in the classical
equilibrium molecular configuration. At zero field and strong interelectron repulsion, the RWM'’s behave like
quasiclassical rigid rotors whose energies vary.as
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Introduction. The belief that the physics of two- Description of the broad variation of the collective prop-
dimensional (2D) semiconductor quantum do{®)D’s) in erties of electrons in 2D QD’s requires a highly flexible and
high magnetic field$B) is describetf® by composite fermi- accurate many-body method. In principle, exact diagonaliza-
ons, introducedl originally for the bulk fractional quantum tion (EXD) could have been used; however, its computa-
Hall effect (FQHE), has been recently challendety a pro-  tional limitations are a major obstacle. We demonstrate that
posal that the fundamental physical entity in strongly correthe recently proposéd two-step method of circular symme-
lated QD’s is acollectively rotatingWigner (or electron  {ry preaking at the unrestricted Hartree-FogkHF) level
molecule(RWM or REM). Indeed, it has been lately found 5,4 of subsequent symmetry restoration via post-Hartree-

that electrons in 2D QD's can undergo in the strongly correéqey projection techniques is an accurate and computation-

Iat_ed regime a spontgneous phase tr.an_SBition gkin to thglly efficient approximation which providesumified micro-
Wigner crystallization in the bulk, formirg® specific po-

. . scopic description of the emergent picture of RWM’s in 2D
lygonal geometric structures that are called Wigner mol- ’p P gentp
, . QD’s.
ecules(WM'’s). These geometric structures break the rota- . . .
The restoration of broken circular symmetry is necessary

tional symmetry(for symmetry restoration, see belpwnd . ’
) . . _for a proper description of RWM’s. Indeed, while the broken
reflect the presence of many-body crystalline Correlatlonésymmetry UHF solutions describe static WMt is the

that are revealed, as illustrated by us previously, in the . ) . .
“humps’ of the conditional probabilities® and of the symmetry restoration step which describes the rotation of the

broken-symmetry electron densitis. WM's and underlies the differentiation between rigid and

o ; . floppy (at highB) rotors.
The majority of recent studies address the properties 01J Two-step methodin general, the localized broken sym-

tatic WM’ function of the QD parametgPs'? Her ! . : :
static s (s a function of the QD parametgrs ~Here, metry orbitals are determined numerically via a self-

we study the properties of theotating WM. We show ) . . -
through ymicroslzzop?ic many-body invgestigations that thecon5|stent solution of the UHF equatichan efficient alter-

RWM in high B is afloppy rotor, while at largeR,, (and zero gat'\r/g’ r'zt(t)a Waer:/;r’t'clzl eto rzssg?}@q;?‘nézesg fOOCrbgtérl]l:reby
magnetic field it transforms into aigid rotor. [The Wigner ppropri Yl xp 1OMS- ! w u

parameteR\,=Q/% wy, whereQ is the Coulomb interaction on the seconq ste(mgstqratlon of t_h_e circular symme)rynd
strength:0= e/ («l), with | o= \A/(M* wg) being the spa the case of higiB, it will be sufficient to approximate the
rrength, 0/» TH 0 0 g the sp UHF orbitals(first step of our proceduyédy (parameter free
tial extent of the lowest single-electron wave function in the . . :

. ) . displaced Gaussian functiofisnamely, for an electron local-
external parabolic confinement of frequenay, and« is the

dielectric constan}.The ability to capture the physics of the ized atZ;, we use the orbital
electrons in QD’s in both the high magnetic field and the 5
field-free regimes is an essential demonstration of the pow- u(z,2) = Lexp( _ |Z_Zi|
erful unification offered by the RWM picture, a property not ' NEDY 2\2
shared by other suggested approaches.

The collective rotationof the WM is inherent and natural with z=x+iy, Z;=X;+iY;, and A= A/m*Q; Q
to the molecular picture. In particular, we show that it is:\/w02+ wC2/4, where w,=eB/(m*c) is the cyclotron fre-
manifested in characteristic energy-vs-angular-momenturquency. The phase guarantees gauge invariance in the pres-
relations for the excitation spectra and in specific limitingence of a perpendicular magnetic field and is given in the
values for the ground-state energies. These relations are infymmetric gauge byp(z,Z;;B)=(xY; —yxj)/2lé, with |z
portant in the development of theories of electrons in QD’s= \/%,c/eB being the magnetic length. We only consider the
under the influence of a magnetic field and in the field-freecase of fully polarized electrons, which is appropriate at high
case, and they can be employed as diagnostic tools for a8:
sessing the validity and applicability of alternative theoreti- We take theZ;’s to coincide with the equilibrium posi-
cal descriptions. tions (forming nested regular polygot$ of N classical point

~ie(2,2;B)|, (@)
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FIG. 2. PRJ(solid lineg and UHF (dashed linesground-state
_ . o o energies,E—N#(}, for the fully spin-polarized ground states of
N=2 electrons as a function of the magnetic fiBldSolid line: PRJ N=3 andN=>5 electrons, as a function of&/ The range covered

(rotaj[ing WM. dashed line: exact; dotted line: UI—[§tati(_: WN.D' . Is 4 T=B=<400T, and the zero of energy correspondsEtZ}
The integers below the troughs of the PRJ and exact lines indicate 14 415 mev forN=3 and toES'=42.873 meV forN=5. The
the corresponding magic angular momenta. The parameters ae ' cl , S '

) tegers below the troughs of the PRJ curves indicate the corre-
m* =0.06M,, wy=3 meV, andk=12.9. Here, as well as in the 9 9

. L . sponding magic angular momenta. The parameters are as in Fig. 1.
other figures, the Zeeman contribution is not included, but can bep 9 9 9 P 9

easily added.

FIG. 1. Ground-state energids;- 2%}, for the triplet state of

the ground-state energi&s- N7 () for N=3 andN=5 elec-

charges inside an external parabolic confinement of frelrons as a function of B. Since our method allows us to
quencywo, and proceed to construct the UHF determinant®ach magnetic-field values as high Bs-400 T, we con-
WUYHA 7] out of the orbitalsu(z, Z))'s,i,j=1,... N. Cor- clude unequivocally that, @88—«, both the PRJ and UHF
related many-body states with good total amgular momentground-state energies approach the limiting value corre-
L can be extractédrom the UHF determinant using projec- sponding to the classical energy Wfpointlike electrons at
tion operators; the projected energies are giveh by equilibrium[in the (ON) configuration forN=2-5] inside

an external parabolic confinement of frequengy, i.e.,

2m . 2m .
EPRiL):fo h()’)e'yLd)’/ fo n(y)edy, (2)

with h(y) =(W¥YHF(0)|H| ¥ YA and n _ o
:<\I,UHF(0()|}2,UI-<|F(,y)>,(W)r|.|er|e\I,UH|£(’y,))/)> is the original L(JE)F with SN=E?‘ZZ(S|r{(]_—1)7r/N])‘1.15.Except for theB—ce
determinant rotated by an azimuthal angleand H is the limit, the UHF energies are higher in value than the projected
many-body Hamiltoniar{including the vector potential, ex- ©N€S: _ _
ternal confinement, and Coulomb two-body repulsioNe The projected ground states have magic angular momenta
note that the UHF energies are simply given By that vary(frqm one trough to. the othgby steps ofN units
=h(0)/n(0). (N=3,4,5) in accordance with the_trend_found for a _much

Compared to an EXD calculation, the CPU time for Ca|_srr_1aller range of_ angular momenta in earlier EXD stufli¥s.
culating the projected energigsee Eq.(2)] increases much With our projection method, we were able to reach remark-
slower as a function of. and N. In addition, the computa- 2Ply high values of =369,690, and 1100 fdi=3,4, and 5,
tional efficiency of Eq.(2) is greatly enhanced by the respectively. The fact that both ground-state egtner@ﬁsj
knowledgé® of the analytical forms of théin general com- —~N7{ and Egqc N7{) (see Ref. 1ptend toEg(N) for
plex) matrix elements of the single-particle and two-bodyB— is a significant finding that has not appeared in the
components ofl between the displaced Gaussians. FQHE literaturet'’ instead it has been implied thdt

To test the accuracy of our method, we display in Fig. 1~ N2{Q—0 asB—c. In any case, it is doubtful that the
the ground_state energi&_ 2#Q as a function of the mag- CompOSite-fermion approaCh can conform to this rigOfOUS
netic field for the triplet state dkl=2 electrons and for all limit;*® indeed the precise value &fj(N) depends crucially
three levels of calculations, i.e., the UHF, the subsequerfn the long-range character of the Coulomb force acting be-
projection[PRJ, see Eq(2)], and the exact resuftWe ob-  tween localized classical particles, and thus it is a result in-
serve that the UHF energies fare poorly compared to the PRIate to the WM picture.
ones; note that foB>7 T, the PRJ and exact results are  Furthermore, this limit points out to interesting experi-
practically the same. We further note that the UHF energiegnental ramifications. Namely, at high, the addition ener-
do not reproduce the characteristic oscillations of the exadgies [expressed by the finite second differentgE(N)],
ones; these oscillations originate from the fact that onlywhile not conforming to the capacitance—Coulomb block-
states with magic angular momenta can become groundde model/ will tend to a constant valueA3' E(N)
states(in the case of the triplet state fdd=2, the magic =EJ(N+1)+E3(N—1)—2EZ(N) (e.g., 3.446 meV foN
angular momenta are=2m+1, m=0,1,2...). =4 and the parameters listed in the caption of Fig.tRis

Ground states at high magnetic fiel&figure 2 displays constant value maybe detected experimentally.

ES(N)=(3/8) (2R **NSPh o, 3)
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64 - - - - - - - - ability to calculate efficiently highL values allowed us to
50 v confirm numerically the linealt dependence of the confine-
R ment energyE®(L), and also the precise proportionality co-
60 30 T . efficient 72 (Q — w./2). Moreover, rather unexpectedly, we
. e also find that the interaction energy behaves asymptotically
[N 10, 1 asL™'2 i.e.,V(L)—Cy/LY? whereC, is a constant given
s6 L. e below.
115 e Table | listsVpr{L) for N=5 andB=60 T, as well as
" - ] for N=6 [the (1,5 configuratiorj andB—<; the latter limit
o | LGS can be easily taken by setthg =152 in Eq. (1), which
: . : : . : . : restricts the electrons to the lowest Landau level. From Table
40 80 120 160 200 I, one can see that the quantify=Vpg{L)L¥%C, ap-
L proaches unity as the angular momentum increases, where
FIG. 3. Projected total energieBpr— 542, for the yrast rota-  Cy=K¥3(S./4+ Sk N-1) e?/(k\), with K=N or N—1 for
tional band(states with the lowest energy at magic angular mo-WM'’s in the (ON) or (1N— 1) configurations, respectively.
mentg of N=5 fully polarized electrons é&=60 T, as a function TheC, /L*? asymptotic dependence of the interaction en-
of the angular momenta The ground state has angular momentumergy can be readily associated with a médsfl a classical
L=115. The choice of parameters im*=0.06m., #iwo  foppy moleculeotating inside a parabolic confinement char-

=4 meV, and k=12.9. Inset: The two contribution&gg{L) : 18
’ . . ) acterized by a frequencf).° Indeed, the energy of such a
—5#0 andVpg{L) associated with the confinemeidwer curve molecule isygiven ?Jy Y 9y

and the Coulomb interactiofupper curveg, respectively.

Energy (meV)

ENYK)=42L%/(2J(a)) + J(a)Q%2—thw.L/2
Yrast rotational band at high BThe yrast bandconsists FK(Se /At S )e?/( ka) (4)
of the lowest-energy state$or a givenB) having magic s « KN-1 S o
angular momentéthe ground state is a member of this bandWhereJ(a) =Km*a” is the moment of inertia &k pointlike
and the remaining states are excited oni€be yrast band for €lectrons located at the vertices of a regular polygon of ra-
N=5 calculated aB=60 T is displayed in Fig. 3. dius a. The second term is the potential energy due to the

The energy of the yrast states is compdsetitwo con- confinement, and the last term is the classical Coulomb-
tributions; namelyE(L) = ES(L) +V(L), whereES(L) is the repulsion electrostatic energy. At givé the radius of this

confinement energy associated with the external potenti f|0pp)z mgl/eculsvsnss Wt't"l anq for Iat;ge azg)\u\l/al_r/_zlomen-
(including the kinetic energy and V(L) is the interaction um_tandjor nig ) itis gven by a= . a
energy due to the Coulomb force. For high it is well 2.cL/(eBK) for B—oo. Substitution into Eq(4) yields

. . /2 . B .
knownt” that the confinement energy varies linearly with the aforementioned linear andL/? contributions, i.e.,

in particular,ES(L) =% (Q — w/2)L + NAQ. EN(K)~A(Q—wd2)L+Cy/LY2 (5)
We have calculated the projected vallisse Eq.(2)] for
these two components, namelgg{L) and Vpgr{L), for A semiclassical approximatidng's of the ground-state an-

N=2-6 and a variety oB values and QD parameters. Our gular momentum minimizes Ed5), with Lg'socB. Conse-

TABLE |. Projected interaction energid4g{L) associated with yrast states at two valueBef60 T
and B—x for N=5 [the (0,5 configuratioj and N=6 [the (1,5 configuratiord, respectively. f
=Vpr{L)L¥?C,,, whereC,=15.388 forN=5 andC,=18.787 forN=6. The fractional fillings are cal-
culated throughv=N(N—1)/(2L). Energies in units 0&?/ kA ande?/ «lg for B=60 T andB—x, respec-
tively. At B—oo, V(L) is independent ofi wgy. At large finiteB, V(L) depends otk wq throughX.

N=5 B=60T N=6 B—w

L(»v) Vers f L(v) Vers f
40(1/4) 2.5000 1.02749 73/5) 2.2196 1.02317
50(1/5) 2.2216 1.02083 135/9) 1.6361 1.01186
60(1/6) 2.0198 1.01669 195/13 1.3561 1.00799
80(1/8) 1.7409 1.01189 25%/17) 1.1836 1.00603
100(1/10) 1.5531 1.00925 318/21) 1.0636 1.00484
120(1/12 1.4154 1.00757 433/29 0.9039 1.00347
140(1/14) 1.3089 1.00641 493/33 0.8470 1.00304
160(1/16) 1.2233 1.00556 558/37) 0.7996 1.00271
180(1/18 1.1526 1.00491 61%/41) 0.7594 1.00244
190(1/19 1.1216 1.00464 671%/45 0.7247 1.00222
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quently, the ground-state radila%sﬂro as B—o, where TABLE II.. Projegted total energiegpr{L) at B=0 and Ry
ro=|oR\1/\//3(SK/4+ 5K,Nfl)1/3 is the radius of the static clas- =200 assguated with yrast states fde=5 electrons[(0,5 con-
sical Wigner molecule. Note that, in the ground stateBas figuratiorl. T=Cr/Cf (see text Energies in units ofi wo.
increases, the WM rotates faster in order to maintain the —
requisite value oBg=ro. L Epr f L Epr
We note that this inverse-square-roottofaw at constant
B for the Coulomb interaction energy has also been over-
looked in the FQHE literatur&!’ This law provides a non-
trivial test in that it lends further support to the RWM pic-
ture; especially since it also applies in tBe-c limit (see
right part of Table ), which restricts the electrons to the
lowest Landau leve{FQHE regime. We note that high.’s

correspond to lower fractional fillings, experimentally  conclusions.Using the method of restoration of broken
achieveable in high-mobility samples. _ circular symmetry, we have shown that the RWM’s in QD’s

Rigid rotor at zero magnetic fieldAt B=0, we found it gyxhibit characteristic properties as a result of their collective
advantageous to allow the widthand the positionZ;'s of | qtation.

the displaced C_;aussians to vary in order to minimie (1) In high B, they behave likdloppy rotorsand the en-
eachL) the projected energlEq. (2)]. For largeRy/'s and  grgies of the magic states in the lowest rotatiofyahsh

for N=2-5 electrons, we find that the energies of the state§and. associated with magic angular momenta, obgy
in the yrast band can be approximated by +b/LY2. In addition, the ground-state energigeferenced
to the kinetic energy in the lowest Landau levapproach
the limit of the electrostatic energy & point charges in
their classical equilibrium molecular configuration.

(2) At B=0 and strong interelectron repulsion, the
RWM's behave like quasiclassicabid rotors whose yrast
band exhibits ar.? dependence.

The rotating-Wigner-molecule picture unifies the descrip-
. tion of the various physical regimes of strongly correlated
In Table I, we list calculatedEpr{L) values forN=>5 electrons in 2D QD’s. This unification is achieved through

_ i I i , .
whenRy,= 200. The fact that=Cg/Cg~1 forL<45illus-  the computationally powerful method of restoration of bro-
trates that the RWM behaves as a quasiclassical rigid rotogen symmetries via projection techniques.

For smaller values oRy,, the rigidity of the RWM is pro-

—nl

323.3070 25 324.7657 0.988

5 323.3656 0.992 30 325.4033 0.986
10 323.5414 0.992 35 326.1537 0.983
15 323.8338 0.991 40 327.0153 0.981
20 324.2422 0.989 45 327.9866 0.978

EprfL)~Eprf0)+CgrlL?,

where the rigid-rotor coefficienCy is essentially a constant

whose value is very closgee thef values to the classical
one, corresponding to point charges in theirN)0equilib-
rium configuration inside a parabolic confinement of fre-
quencyw; i.e., Cr=C9=%2/[2(ro)].
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